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Abstract
This paper addresses in an integrated and systematic fashion the relatively
overlooked but increasingly important issue of measuring and characterizing
the geometrical properties of nerve cells and structures, an area often called neu-
romorphology. After discussing the main motivation for such an endeavour, a
comprehensive mathematical framework for characterizing neural shapes, ca-
pable of expressing variations over time, is presented and used to underline
the main issues in neuromorphology. Three particularly powerful and versatile
families of neuromorphological approaches, including differential measures,
symmetry axes/skeletons, and complexity, are presented and their respective
potentials for applications in neuroscience are identified. Examples of appli-
cations of such measures are provided based on experimental investigations
related to automated dendrogram extraction, mental retardation characteriza-
tion, and axon growth analysis.

‘. . . the functional superiority of the human brain is intimately linked up with
the prodigious abundance and unaccustomed wealth of forms of the so-called
neurons with short axons.’ (Recollections of My Life, Santiago Ramon y Cajal)

1. Introduction

• How can 3D representations of nerve cells be obtained automatically?
• How many classes of nerve cells are there in the human brain?
• How does neural shape change along the lifetime of an animal?
• How can morphologically realistic neural models be obtained?
• How do neural shape and function relate to one another?
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Although these are scientifically relevant questions, no answers can be found in the
literature. This situation is all the more surprising given the unprecedented scientific and
technological advances accomplished in neuroscience during the last century, indicating that
the problem of neural shape, at least from a quantitative perspective, has been overlooked during
that same period. After a head start with the pioneering works of Cajal [1], the issue of neural
shape was overshadowed by the impressive success of the electrophysiological techniques
introduced soon afterwards. However, even if electrophysiological processes may in the end
account for most of brain behaviour, the study of neural shape is still important for several
reasons including diagnosis, investigation of mechanisms underlying learning and memory, and
analysis of neural regeneration. Moreover, a growing body of evidence has clearly indicated
that neural shape and function exhibit a strong interrelationship [2–9], motivating a series
of further investigations involving shape characterization. Yet, in addition to the remarkable
success of electrophysiology, the lack of automated computational morphological methods has
severely restricted neural shape investigation, to the extent that experimental investigations
often involve manual reconstructions and measures.

As we step into the 21st century, and now duly backed by a considerable knowledge of the
electrophysiological properties of the nervous system as well as the maturity of shape analysis
approaches, the time is ripe to resume attention to Cajal’s initial interest in the relationship
between neural shape and behaviour. Indeed, the steadily growing number of related
publications (e.g. [2–9]), as well as the Quantitative Neuroanatomy Tools Workshop recently
hosted by the Netherlands Institute for Brain Research, indicate that this process has indeed
started already. The present article addresses the important issue of neural shape measurement
and analysis from an integrated and more sophisticated perspective. Here we demonstrate
that by using powerful and sound measures in combination with automatic shape analysis
procedures it is possible to achieve a more comprehensive and detailed quantitative analysis
of neuronal shapes than with current manual reconstruction techniques and shape descriptors,
bringing quantitative neuromorphology to a higher level of sophistication. However, before
proceeding further with this issue, it is important to review some of the main reasons that
neural shape should receive attention.

Classification and diagnosis. Even if neural shape and function were completely independent
of one another, the morphology of the neurons in the nervous system would still be relevant as a
resource for anatomical investigation and organization, especially regarding the identification
of neural tissues and domains. For instance, the cytoarchitecture of the neocortex is strongly
defined by the morphological classes of neurons found along the cortical stratification. In
addition, the accurate morphological characterization of nerve cells can provide valuable
information for delineating morphological classes to be correlated with functional classes,
as well as for the diagnosis of several neurological pathologies. It is therefore important to
have suitable measures capable of expressing the relevant specific geometrical features in such
a way as to properly discriminate among the cell classes.

Neural development. Nerve cells reflect a highly intricate dynamic evolution, which is
governed by intrinsic and extrinsic factors. Respective examples of these include the genetic
content and fields/waves (e.g. electric fields, ionic waves, and even gravity). In addition,
growing cells impose geometrical and physical constraints on one another. It is the interaction
of such influences through time and space that determines the evolution of neural shape,
including synaptogenesis. As a consequence, the proper understanding of these important
processes requires the use of morphological measures and tools applied over sequences of
images of developing nerve cells and structures.
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Shape/function relationship. An increasing body of evidence has supported a close
relationship between the morphological and functional properties of neurons, including the
well-known example of the correspondence between the morphological and functional classes
of cat retinal ganglion cells [3,10–14]. While the geometry of neurons could be no more than
a by-product of the cell type and history of received stimuli processed through the synapses,
there is growing evidence for volume transmission [15, 16], which considers electrochemical
interactions occurring along the whole cell membrane, not restricted to the synaptic contacts.

Neuromorphic modelling. In order to investigate the above possibilities, it is important to
develop computational models of the nervous system that take into account the intricacies of
neural geometry. Present computational studies [17–19] underscore the importance of neuronal
shape in the processing and integration of postsynaptic potentials, which requires better
knowledge of neuronal shape details. Because of their active membrane properties, signal
integration in dendritic trees is highly complex, making the issue and the role of morphology
under continuously changing dynamic states of the membrane a non-trivial endeavour. The
main advantage of obtaining geometrically precise models of neural structures is that we not
only know everything about their characteristics and connections, but also can change these at
will in order to investigate how neuronal function is affected by morphological changes. Both
static and dynamic models, the latter characterized by neural shape that changes with time,
can be obtained, paving the way for a myriad of possible investigations.

In spite of all these demands and promising perspectives, much remains to be done in
neuromorphological research. To begin with, there is no agreement on an established set of
measures to be used in specific types of investigation. Indeed, most of the existing measures are
somewhat empirical and are frequently extracted manually. As a consequence, the fundamental
questions posed at the beginning of this article have not been properly answered yet. It is felt that
it is now time to apply the technological advances in neuroscience and computer vision achieved
during the last few decades in an integrated and systematic reconsideration of Cajal’s original
motivation. The current work addresses the above motivation and demands, concentrating on
the issue of automated neuromorphology, i.e. the use of geometrical measures to characterize
properties of nerve cells and structures. While partially relying on recently introduced concepts
and techniques, and consequently representing a review of the authors own related work, the
current work also incorporates a series of novel contributions, including the use of multiscale
spectral differential geometry techniques for accurate characterization of the arc length and
speed of growing processes and the characterization of geometrical complexity of arborizations
of neural structures in terms of the multiscale fractal dimension, which has been applied as a
powerful means for analysing and categorizing the morphology of nerve cells in retardation.

The paper starts by presenting a sound and comprehensive mathematical framework, based
on dynamic systems concepts, that can be used to underlie the several neuromorphological
issues considered in this work. Then, after briefly characterizing the acquisition and pre-
processing of neural images, the three families of neuromorphological measures are presented
and discussed. These include: differential geometry measures, based on the extensive mass
of knowledge derived from differential calculus; symmetry axes and skeletons, based on the
discrete geometry concept of exact dilations; and objective approaches to complexity. The
main potential of each of these measure families is identified with respect to promising specific
applications in neuroscience.
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Figure 1. A nerve cell (a) and its characterization as a vector in the area/perimeter feature space (b).

2. Mathematical basis

This section presents a unifying mathematical formulation which takes into account the inherent
variability of neural geometry through time and space and therefore allows the proper and
effective characterization of several of the key issues in dynamic neuromorphology. Let the
shape of a specific 2D neuron, illustrated in figure 1, be characterized by the vector (ordered
set of quantities) �S = [f1, f2, . . . , fN ] where fi stands for any measurement, ranging from
very elementary ones, like absolute pixel positions, to measurements like area, perimeter,
and curvature. By ‘characterized’ it is meant that the vector �S is capable of expressing
especially interesting properties (also called measures or features) of the shape, such as its
size, complexity, and number of branches, represented by the components of the vector. In
the case where �S incorporates a set of measures capable of allowing the original shape to be
reconstructed to a certain high degree of accuracy, defined for each specific case, �S can be said
to provide a complete representation of the original shape. There are several possible such
representations of shapes (see, for instance, [20]), the most trivial being the set of all possible
points belonging to the shape. Although such a representation implies an infinite number of
points for shapes in continuous spaces, spatially sampled shapes are characterized in terms
of a finite number of sampled points. Alternative interesting complete shape representations
include the Fourier coefficients and the curvature values along the shape [20], which can also
be accomplished by using a finite number of values for the case of shapes represented in digital
images.

Given a neural shape, its respective characterization/representation in terms of the vector
�S can be nicely displayed as a vector in the respective N -dimensional feature (or phase) space.
For instance, in the case where we define �S = [perimeter, area], the original neuron will be
characterized by a vector, as illustrated in figure 1. Now, the characterization of the temporal
evolution of a neuron can be represented by a trajectory through the respective phase space,
as illustrated in figure 2 with respect to a hypothetical shape unfolding obtained by Gaussian
smoothing of an adult cell. More realistic situations are considered in the following sections
of this paper. Likewise, neurons belonging to two distinct neural classes can be characterized
by clouds of points in the phase space, as in figure 3. Provided that the measures are sound,
vectors defined by similar neurons will fall close to one another in the phase space, while those
corresponding to different neurons will tend to be distant from one another. In other words,
the Euclidean distance in the phase space is related to the dissimilarity between the geometry
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Figure 2. The geometrical changes experienced by a neural shape through time, as illustrated in
this hypothetical example obtained through Gaussian smoothing of an adult cell, can be suitably
represented in terms of a parametrized trajectory in a feature space (in this case area/perimeter).

of the respective cells. It is therefore natural to understand the problem of classifying nerve
cells as the procedure of clustering the respective vectors in the phase space. For instance, the
situation depicted in figure 3 can be clearly understood as involving two classes of neurons.

The above framework can be easily extended to characterize cell differentiation. First, it
is necessary to introduce the concept of potential space, which corresponds to the region of the
feature space covered by all the possible differentiations of a specific type of precursor cell at
time t , which is illustrated as the set in the area/perimeter plane defined for t = 0 in figure 4.
The process of cell differentiation can now be properly characterized in terms of the evolution
of the respective potential spaces through time, which is explicitly indicated in a new added
axis.

Finally, the concept of phase space representation in terms of vectors can be easily
adapted to allow statistical characterization of the observed cells by adopting the concept
of probability density functions. Let us introduce this possibility through the following
example. Let a set of M neurons of a specific type have their perimeter and area estimated
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Figure 3. Characterization of two hypothetical classes of neural shapes in the area/perimeter feature
space. The similarity between cells from the same classes and dissimilarity of cells from different
classes frequently lead to the respective neurons being described as defining ‘clouds’ or clusters in
the feature space.
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Figure 4. The process of nerve cell differentiation can be properly represented graphically in terms
of the concept of potential space of a specific type of precursor cell.

by using some numerical computational approach. As could be expected, the possible vectors
�S( �p) = [perimeter, area]T , illustrated in figure 1(b), tend to form a cloud of varying density
in the respective phase space. Now, if we divide the phase space into regular bins, and count
the number of observations inside each of such bins and divide this number by M , we obtain
a relative frequency histogram. The density probability function is obtained as the size of the
bin is reduced to an infinitesimal, as the number of samples is taken to infinity. One of the
important properties of this function, henceforth indicated as D, is that the chance of observing
a neuron with measures inside a specific feature interval is given by equation (1), where P is
the perimeter and A is the area, in this particular case:

D(P1 � P < P2, A1 � A < A2) =
∫ P2

P1

∫ A2

A=A1

q(P, A) dP dA. (1)
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In fact, the density probability function provides all possible information about the
statistical behaviour of the data, being therefore a complete stochastic model. While the
evolution of density probability functions in specific situations can be modelled by differential
equations (for instance, random walk processes lead to the Fokker–Planck formulation [21],
which is basically a diffusion differential equation), these functions can also be directly used as
a basis for classification, which can be achieved by using Bayes decision theory [22]. Another
interesting possibility is to apply dynamical system concepts and tools [23], such as the use
of the Lyapunov coefficient to characterize the sensitivity of environmental effects over shape
trajectories.

3. Geometrical measures for neural shape characterization

This section presents the main motivation and guidelines underlying the integrated multiscale
approach to neuromorphology reported in this paper, which follows the developments reported
in [20]. It addresses the need to have an effective and comprehensive set of geometrical
measures while taking advantage of the multiscale paradigm.

While a larger number of measures allows a more comprehensive characterization of the
shape, eventually leading to a complete representation, the complexity and computational
demands resulting from using a large number of measures tends to increase substantially,
in such a way that only the smallest number of measures capable of providing the required
information should be considered. Indeed, an interesting question that has been posed in the
literature [24, 25] regards the identification of the smallest number of measures that would
allow us to represent a specific class of nerve cells. While the length of dendritic and axonal
segments and the angle at branch points no doubt provide important geometrical information
to be used in neuronal characterization, the above question is complicated by the fact that
physical, chemical, and mechanical properties of the membrane and cell dynamics, including
electrochemical activity and interaction between neighbouring cells, should necessarily be
related and incorporated in some way into the sought representation. Yet, while the issue of
minimal representation of neural shape remains a challenge, it is also important to observe that
several problems in neuroscience can be suitably addressed while limited to characterization.
Such situations include the characterization of the surface of contact between the cell membrane
and the extracellular medium and the study of the orientation of nerve cells, among many others,
and provide the main situation considered in the present paper.

For such reasons, the choice of a suitable set of geometrical measures defines an important
issue underlying many investigations in neuroscience. Basically, there is an infinite number of
possible morphological measures at the same time as there are no clear-cut rules or procedures
for selecting them. Therefore, in practice the selection of measures is determined by the
issues being addressed in each specific investigation, previous knowledge of the problem,
and previous experience with neuromorphology. Of special relevance is knowledge about
the potential of each measure to express specific biologically relevant properties. Indeed,
although several approaches have been considered for neuromorphological characterization
(e.g. [26–35]), there are few standardized neuromorphological measures in the literature.
Ideally, it would be interesting to have a set of versatile, simple, and meaningful geometrical
measures for neural shape characterization which could be applied to a large number of
problems in neuroscience. The current work proposes that this can be achieved by considering
four families of measures, based on differential geometry, symmetry axes, influence area, and
complexity. Although exhibiting some interesting interrelationships, these measures, which
include some recently introduced concepts and methods, can provide a comprehensive (often
complete) characterization of relevant geometrical properties of the cells, as discussed in the
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Table 1. The three families of morphological measures and, in each case, the main potential for
neural geometry characterization.

Potential for geometrical characterization

Family of measures Isolated Ensemble

Differential • Arc length
geometry • Curvature

• Orientations (tangent field)
• Contour segmentation and

branch point identification

Symmetry axes • Hierarchical representations
(dendrograms)

• Number of branches
• Number of hierarchies
• Angles and lengths of processes

Complexity • Multiscale fractal dimensions • Surface of contact
• Area of interface between cell

membrane and extracellular
medium

• Surface of contact
• Influence area

following sections. Another important aspect of the proposed approach is that all the measures
considered exhibit a multiscale nature, allowing not only the selection of specific scales relevant
to each problem considered, but also the enriched characterization of neural geometry along
several spatial scales. Table 1 presents each of the families of measures considered and the
main respective potential for geometrical characterization.

Figure 5, to be considered in the following sections, presents the basic steps and data
dependence involved in the implementation of the four families of measures, starting from the
raw image (e.g. those acquired from a microscope). Data and processes are represented by
boxes and arrows, respectively.

4. Image acquisition and pre-processing

The process of characterizing neuronal shape starts with the acquisition of digital images. This
is typically done either by using an optical transmission/fluorescence microscope, producing
2D images captured by simple cameras, or by using more sophisticated technologies such as
confocal imaging systems, where a series of slices are obtained directly from the histological
slides and later merged into fully 3D structures. In both cases, the nerve cells or structures
have to be separated from the background or other secondary structures, a process technically
known as segmentation. This task is complicated by noise and other artifacts frequently
present in the acquired data, which has precluded a fully automated approach. In the case
of 3D imaging, once the structures of interest are segmented, additional processing has to be
applied in order to properly integrate the 2D segmented data into 3D reconstructions [36–39],
or do the segmentation directly from the 3D stack of images [40].
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Figure 5. The main data (boxes) and processes (arrows) underlying the currently reported
framework for neural geometry characterization.

5. Differential geometry measures

Most of the mathematical concepts and tools used in science, especially in physics, rely on
differentiable functions and fields defined along continuous spaces, as required for the use of the
differential equations. Indeed, as implied by the Taylor series, the several derivatives of signals
provide a comprehensive characterization of its properties around a small neighbourhood
(actually an exact representation, provided all the infinite derivatives are taken into account).
The systematic study of derivatives and their combinations into meaningful measures is
the main objective of differential calculus which, given its long and extremely successful
tradition, provides a most valuable source of concepts and methods for shape analysis and
neuromorphology. While the standard derivatives generally vary when the signal is translated,
rotated, or subjected to some other geometrical transformation, some measures obtained
through special combinations of derivatives provide several types of invariance. For instance,
the curvature [41,42] of 2D curves, defined by equation (2), is invariant under translation and
rotation:

k(t) = ẋ(t)ÿ(t) − ẏ(t)ẍ(t)

(ẋ(t)2 + ẏ(t)2)1.5
. (2)
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Figure 6. The curvature at any specific point P along a curve can be understood as the inverse of
the radius of the osculating circle, i.e. the circle that has three points of contact with the curve.

The curvature also provides a complete representation up to translation and rotation, in
the sense that the original curve signals (x(s) and y(s)) can be recovered, up to translation and
rotation, from the respective curvature signal k(u) by using equations (3):

θ(s) =
∫ s

0
k(u) du + θ0

x(s) =
∫ s

0
cos θ(u) du + x0

y(s) =
∫ s

0
sin(u) du + y0.

(3)

In addition to such powerful features, the curvature also allows clear conceptual and
geometrical interpretations [20, 33]. While the curvature provides a measure of the local
change of orientation of the tangent to a curve, it can also be understood in terms of osculating
circles (see figure 6). Given a point of the curve, the respective osculating circle is defined as
the circle that touches the curve at three infinitesimally spaced points (e.g. [42]). The curvature
absolute value can be verified to be equal to the inverse of the radius of this circle. Finally, the
sign of the curvature provides valuable indications about the concavity of the local portion of
the shape, in such a way that points of the curve where the curvature sign changes (inflection
points) can also be considered as especially important organizing features of the curve.

For all the above reasons, special attention has been focused on curvature as a powerful
resource for shape analysis (e.g. [43, 44, 46]). The main problem of applying curvature to
shapes represented in digital images arises from the spatially quantized (or discrete) nature of
such signals. This shortcoming has been naturally circumvented in the approach reported
in [45, 46], where the Fourier transform, combined with a Gaussian smoothing filter, is
used to interpolate between the points of discrete shape contours. The combined use of
the Fourier transform and Gaussian smoothing for curve interpolation provides an effective
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means for reducing the small-scale, and consequently high-frequency, non-uniformities,
anisotropies, and noise implied by the spatial sampling of the curves [47, 48]. In addition,
the non-uniform spacing along subsequent contour elements is properly dealt with by the fact
that the curvature expression adopted, equation (2), is inherently suitable for non-uniform
parametrization [41]. The use of the Fourier transform confers a series of advantages. First,
the Fourier transform provides an orthogonal and highly uncorrelated representation of the
contour, implying that the Fourier transform coefficients are in themselves highly effective
as a complete curve representation [49–51]. Second, as they are widely adopted in signal
processing and communications, high-speed algorithms—and even integrated circuits—can
be found that are capable of performing the fast Fourier transformation of thousands of points
in a matter of a few microseconds. Moreover, the use of the Fourier spectral representation,
where the 2D contour is represented in terms of a linear combination of smooth functions
(complex exponentials), provides a natural and accurate means to numerically estimate the
first and second derivatives implied by the curvature definition in equation (2). In addition, the
Gaussian filter naturally introduces a spatial scale parameter, namely the standard deviation σ ,
which endows the method with multiscale capabilities. The first and second derivatives of the
x-signal (analogous results are obtained for the y-signal) required by the curvature definition
in equation (2) are obtained as indicated by equations (4) and (5), where f is the frequency � in
the Fourier transform, and gσ (t) is the normalized (unit-area) Gaussian function with standard
deviation σ . In other words, the x- and y-signals are convolved with the same smoothing
Gaussian filter, which can be done more effectively in the frequency domain. We have

ẋ(t) = �−1{(i 2πf )�{x(t)}�{gσ (t)}} (4)

ẍ(t) = �−1{−(2πt)2�{x(t)}�{gσ (t)}}. (5)

The estimated first derivative provided by equation (4) can be immediately used to
calculated the arc length of the curve, which is done by using equation (6):

L|a→b =
∫ b

a

√
ẋ2 + ẏ2 dt . (6)

Figure 7 presents an example of the spectral approach to curvature estimation, applied
through numerical implementations of the above methodology involving the discrete Fourier
transform (see [20,46]). The shape in this example has been artificially constructed in order to
best illustrate the concepts and processing stages. The original shape in (a) is first edge detected
and contour followed, producing the contour in (b) which is then represented as the pair of 1D
signals in (c), corresponding to the x- and y-coordinates along the arc length parametrization.
The curvature obtained for σ = 10 is illustrated in (d) and (e).

The potential of curvature for neuronal shape characterization stems directly from the
completeness and powerful features of this measure, especially the fact that it is invariant
under translation and rotation. For instance, the curvature can be used to effectively identify
the branches and terminations of neural processes, which correspond to curvature peaks.
In addition, statistical characterizations (e.g. histogram or moments) of the curvature value
distribution along a cell or one of its portions can provide valuable information about the
smoothness of the membrane geometry, in the sense that a smoother membrane will produce
lower curvature values. Another interesting possibility defined by the spectral approach to
differential geometry relates to the accurate numerical estimation of the arc length of neural
processes, a possibility that is illustrated in section 8.3. Other measures arising from differential
geometry include the tangent and normal fields, and in the case of 3D shapes maximum and
minimum curvature, mean and Gaussian curvature, parabolic lines and umbilical points, to
name but a few [41].
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Figure 7. An example of spectral curvature estimation: original neural shape (a); respective
edge detected version (b); contour representation in terms of the 1D x- and y-signals (c); and the
curvature obtained for σ = 10 shown as a one-dimensional signal (d) and superposed onto the
original shape (e). In part (e), negative values occur at the ends of branches and positive values in
the forks between branches (this part is in colour in the electronic version).
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Figure 7. (Continued.)

6. Symmetry axes and skeletons

Symmetry is one of the most important measures characterizing organisms, possibly because
it may simplify the instructions for producing shapes and support certain types of behaviour
and function. One of the most comprehensive characterizations of shape symmetries can be
achieved by using the concept of symmetry axes, which are also known as skeletons [52, 53].
One of the most popular and natural types of symmetry axis, the medial axis of a 2D shape,
is defined as the centre of all possible circles that are maximally inscribed in the shape [41].
Such skeletons are fully connected and have a tree as inherent structure, which provides a
suitable characterization of the hierarchy of the shape under analysis. Two types of skeleton
are usually defined by the contours of a 2D shape: the internal, corresponding to the skeletons
inside the shape, and external, falling outside the shape. Basically, while internal skeletons are
produced by convex portions of the shape, external skeletons are induced by shape concavities.
In addition, each skeleton termination can be associated with a peak of curvature along the
curve [54].

When combined with the distance transform of the shape, namely the process of assigning
to each point around the shape the smallest distance between it and the point, the medial
axis provides a complete representation of the shape, in the sense that it can be fully
recovered. While traditional medial axes are known to be unstable with respect to small
shape perturbations, in the sense that any small bump in the shape will produce a new
skeleton segment, stable multiscale skeletons can be obtained by using the approach described
in [55, 56]. That approach involves assigning successive integer numbers—hence labels—to
adjacent pixels of the shape contour, propagating these labels by using exact distances [55],
and taking the differences between the labels of four adjacent pixels.

The result of such processing is a difference image that can be subjected to a threshold
operation in order to produce a multiscale characterization of the shape, as illustrated in figure 8.
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Figure 8. Multiscale medial axes extraction: original neural shape (a); propagated labels (b);
distance transform (c); and internal and external medial axes obtained for a threshold T = 2 ((d),
(e)); 5 ((f), (g)); 50 ((h), (i)); 100 ((j), (k)) and 300 ((l), (m)).
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(h) (i)

( j) (k)
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Figure 8. (Continued.)

This figure shows the original neural shape (a), the propagated label, where each label value
is represented by a grey-level (b); the distance transform (c); and the internal and external
skeletons obtained for T = 2 ((d), (e)); 5 ((f), (g)); 50 ((h), (i)); 100 ((j), (k)) and 300 ((l), (m)).
Higher threshold values will produce simplified (pruned) versions of the skeletons, which can
be combined with the respective distance transform in order to produce filtered versions of
the shape. This type of non-linear filter has the interesting property of eliminating small-scale
detail while not disturbing higher-scale portions of the shape [57]. A particularly effective
approach for implementation of the above-mentioned multiscale skeletons has been described
in [58]. The choice of the most suitable scale depends on each specific problem. For instance, if
one is interested in characterizing small-scale detail, the threshold should be as low as possible.
On the other hand, and as is more frequently required, the threshold is selected just as high as
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necessary to remove details implied by the object spatial sampling (e.g. the jittered outlines of
digital curves) without removing relevant geometrical properties of the shape. According to
the latter criterion, the skeleton shown in figure 8(f) represents possibly the best compromise.

Symmetry axes can be used to extract the hierarchical structure underlying all nerve
cells, from which dendrograms can be immediately extracted (see example in section 8.1).
In addition, granulometric information expressing the distribution of widths along the neural
processes cells can be obtained in terms of histograms of the distance values verified along
the symmetry axes. A number of additional relevant geometrical features can be extracted
from skeletons, including the number of hierarchies, number of branch points, histograms of
segment lengths, and branch angles.

7. Complexity

Although subjective, morphological complexity is an important attribute of neurons. Two
effective means for complexity characterization, allowing objective interpretations, are
described below.

7.1. Multiscale bending energy

The bending energy, directly proportional to the sum of squared curvature values, provides an
indication of the energy stored in a specific shape [59]. Thus, while a straight line presents
zero energy, a more intricate contour will present higher bending energy than a smooth one.
A multiscale version of this measure can be obtained directly from the multiscale curvature
by using equation (7), applied to the Gaussian smoothed contours (equations (4) and (5)),
providing additional information about how the energy evolves as the shape is smoothed out:

εσ =
N∑

i=1

k2
σ (i). (7)

Figures 9(c) and (d) present the multiscale bending energies for the neural contours in (a)
and (b), respectively.

7.2. Multiscale fractal dimensions

The fractal dimension provides a quantitative characterization of the complexity of curves
as induced by self-similarity. This concept can be better understood through the following
example with respect to the Koch triadic curve, which is obtained by replacing every straight-
line segment of the basic pattern shown in figure 10(a) by itself, ad infinitum towards both the
microscopic and macroscopic spatial scales. The fractal dimension F of this curve is calculated
as in equation (8), where S is the arc length of the basic pattern and L is the distance between
the two extreme points of the basic pattern:

F = log(S)

log(L)
= log 4

log 3
∼= 1.26. (8)

Therefore, the fractal dimension provides a nice indication of how much the curve extends
itself through space. As a consequence, more intricate curves will cover the surrounding space
more effectively, leading to higher fractal dimensions. Observe that F = 1 when the basic
pattern is a straight line, which corresponds to its topological dimension. Despite the good
potential of this measure to characterize complexity in a more objective fashion, its extension
to real objects is complicated by the fact that the latter are not perfectly self-similar. In fact,
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Figure 9. The bending energy can be used to characterize, in an objective fashion, the complexity
of parametric contours of neuronal cells and structures, in the sense that the higher the bending
energy, the more complex the shape. Good results have been obtained when using the bending
energy for the purpose of classifying nerve cells [30].

1 1 1

Figure 10. The basic pattern used to generate the Koch triadic curve.

only a few orders of similarity are usually found for natural objects, such as the three or four
orders found in fern leaves. Indeed, the fractality of such objects, especially when represented
in digital images, is limited at both microscopic and macroscopic scales. First, for scales
smaller than the image resolution, the fractal dimension tends to zero, the dimension of the
image pixels. On the other hand, for scales larger than the object, the respective dimension
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tends to zero, as the object tends to behave as a point for large distances. Therefore, real objects
will present higher fractal values only along limited intervals of spatial scale. This problem
can be suitably addressed by using the multiscale extension of the fractal dimension recently
described in [60], which involves the numerical estimation of the first derivative of a log–log
cumulative function, more specifically the graph of the logarithm of the dilated area in terms
of the logarithm of the spatial scale (i.e. radius of the dilating discs). This extension involves
obtaining not a scalar value of fractal dimension as usually done, but expressing a fractal
function in terms of the spatial scale that properly reflects the behaviour of the object when
observed at different magnifications. Therefore, the multiscale fractal dimension represents a
less degenerate geometric characterization, in the sense of preserving more information about
the geometry of the original object. The numerical process for estimating the multiscale fractal
dimension is explained in the following with respect to the Minkowski sausage approach.

Given the contour of a shape, its Minkowski sausage with radius R can be obtained as
the union of all balls of radius R centred at each of the contour points. Such sausages can be
obtained by using the same dilation procedure adopted for producing the multiscale skeletons
described in section 6. Thus, given the contour of a shape, a log–log function can be obtained
by considering the logarithm of the Minkowski sausage areas in terms of the logarithm of
the radii considered. The derivative of this log–log function produces the multiscale fractal
dimension, which is a function of the logarithm of the spatial scale represented by the radii.
Figure 11 illustrates this approach with respect to simpler (a) and more complex (b) neural
shapes. The respective log–log graphs are given in (c) and (d), whose multiscale fractal
dimensions, obtained in terms of the respective derivatives, are shown in (e) and (f).

It is clear from this example that the multiscale fractal dimensions obtained exhibit
higher values only along a limited extent of the spatial scale. As such graphs indicate the
fractal behaviour of the contour in terms of the spatial scales, a much more comprehensive
characterization of the shape complexity is obtained than by using a single fractal dimension
obtained by linear interpolation through the log–log function, as done conventionally (e.g. [61]).
The following three particularly meaningful features can be extracted from the multiscale
fractal dimension graph: (a) the maximum fractal value, which indicates the maximum
complexity of the contour; (b) the length of the spatial scale interval along which the curve
exceeds a specific value, which is proportional to the number of hierarchical self-similarities in
the shape; and (c) the area of the graph (called the total complexity) divided by the maximum
fractal value (the division is necessary for normalization and decorrelation), which gives an
overall idea of the shape complexity. Another useful measure is the median (i.e., the middle
value of a set of values) of the multiscale complexity. Figure 12 presents a set of simple real
nerve cells (1–4) and a set of more complex nerve cells (5–10) and the feature space obtained
by the respective maximum and total fractal dimension. The potential of this pair of measures
for discriminating between these two types of cell is evident.

8. Application examples

8.1. Automated dendrogram extraction

This section describes how the multiscale skeletonization approach described in section 6 can
be used as an effective means to obtain dendrograms from 2D digital images of real nerve
cells. It should be recalled that the dendrogram represents the data structure containing the
geometrical information required by most neural simulation approaches, which includes the
extension of each process and the hierarchical branching structure. The procedure is illustrated
with respect to the neuron in figure 13, and assumes the skeleton in figure 8(f) has already
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Figure 11. A simpler (a) and a more complex (b) shape and their respective log–log functions ((c),
(d)) and multiscale fractal dimensions ((e), (f)).

been calculated as described in section 6. Given such a skeleton, a simple algorithm is applied
that, starting from the soma centre, follows the skeleton structure while storing into a queue
the coordinates of every observed branching point. The structure obtained can subsequently
be used to produce the dendrogram tree structure.
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Figure 12. Simple (1–4) and more complex (5–10) real nerve cells and the respective feature space
defined by the median and maximum values of the fractal dimensions.

8.2. Characterization of neurodevelopmental alterations underlying mental retardation

This section illustrates the application of the multiscale fractal dimension to characterize
the complexity of cultured neurons transfected with a gene involved in mental retardation.
Mental retardation is characterized by a global deficit in cognitive functioning (intelligence
quotient (IQ) below 70) and an onset during childhood. Golgi studies conducted three decades
ago showed that mental retardation is associated with a decreased complexity of the dendritic
trees of cortical pyramidal neurons, a lowered density of dendritic spines, and abnormalities
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Figure 13. The dendrogram of the neural shape in figure 8(a), obtained by following the skeleton
in figure 8(f).

in spine shape. Since spine synapses mediate most of the excitatory synaptic transmission
and dendritic complexity is a major determinant of information processing at the single-
neuron level, these findings suggest that at least some forms of mental retardation may be
due to abnormalities in the development of neuronal morphology and/or connectivity. Spine
morphology has a strong influence on the transmission of synaptic signals to the dendritic
tree and spines are considered to be focal points of synaptic plasticity underlying learning and
memory. Thus, spine deficiencies may indicate disturbances in learning and memory as an
additional cause of mental retardation [62].

Recent clinical genetic studies have led to the cloning of seven mutated genes which cause
non-syndromic mental retardation [63]. Three of these genes are involved in cellular signalling
through Rho family GTPases. Rho GTPases regulate the dynamics of the actin cytoskeleton
and neuronal morphogenesis and connectivity, also in response to synaptic activity [64, 65].
Abnormal Rho GTPase signalling may therefore alter neuronal network development and/or
plasticity [65], resulting in deficient neuronal information processing. We investigate how the
Rho-linked mental retardation genes alter neuronal morphogenesis and connectivity. One of
these genes, OPHN1, encodes for oligophrenin-1, which inhibits one of the Rho GTPases,
possibly RhoA [66]. Mutations in OPHN1 are expected to increase signalling through RhoA.
When such mutations result in reduced complexity of dendritic trees, we expect overexpression
of wild-type oligophrenin-1 to increase morphological complexity. Overexpression was
induced by transfecting wild-type human OPHN1 into cultured neurons of foetal rat cerebral
cortex in a 2D tissue culture system [67] at two days. Morphological analysis of axons and
dendrites was performed at four days. As a positive control for RhoA inhibition, neurons
were also transfected with p190 RhoGAP, the prototypic GAP for RhoA [68]. Transfected
neurons were identified by immunostaining for β-galactosidase (encoded by lacZ), which
was cotransfected with OPHN1. Since β-galactosidase, a cytoplasmic protein, fills the entire
neuron, the β-galactosidase staining was also used to delineate the morphology of the neurons.
Neurons transfected with OPHN1 or a control vector were recorded at random in a blind manner,
using a Zeiss LSM410 confocal microscope at a resolution of 0.30 µm/pixel, and manually
traced in Corel Photopaint (version 9.0).

Figure 14 illustrates several rat cerebral cortex neurons from control transfected neurons
and the respective characterization in terms of median and maximum values of the multiscale
fractal dimensions. Figure 14 presents the feature space obtained for all cerebral cortex
neurons, where circles, crosses, and dots represent control, oligophrenin-1, and Rho-GAP
transfected cells, respectively. The substantial overlap between the three types of cell through



304 L da F Costa et al

1 1.1 1.2 1.3 1.4
1 

1.05 

1.1 

1.15 

F. D. Median 

M
ax

 F
. D

. /
 M

ed
ia

n 

Control 
OPHN1 

Rho-GAP 

Figure 14. The distribution of the three types of cell considered in the features space defined by
the median and maximum fractal values.
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Figure 15. Histograms of the median fractal dimension values for the three types of cell considered.
The oligophrenin-1 type clearly presents the widest dispersion.

the feature space considered clearly indicates that control and oligophrenin-1 overexpressing
neurons cannot be clearly distinguished in this feature space. On the other hand, RhoGAP
transfected neurons tend to be clustered towards the lower values of the median and maximum
values of the multiscale fractal dimensions. As shown in figure 15, histograms obtained
for the median of the fractal dimensions indicate distinct distributions for the three types of
cell. While the oligophrenin-1 overexpressing neurons more broadly dispersed towards higher
values, the RhoGAP overexpressing neurons show a narrower distribution at lower values.
Assuming mass equiprobability (i.e. that the neurons have similar densities), and according
to Bayes classification methodology [22]—i.e. considering the maximum values along the
histogram x-axis, the geometrical complexity of the cells would increase from the RhoGAP
to the oligophrenin-1 overexpressing neurons, with the control neurons in between. With
regard to oligophrenin-1, these observations are in agreement with our expectations about the
involvement of oligophrenin-1 in mental retardation. However, p190 RhoGAP overexpression
(which should decrease endogenous RhoA activity) did not increase complexity. This is
surprising, as expression of activated RhoA reduced dendritic complexity in hippocampal
neurons [69]. On the other hand, expression of dominant-negative RhoA (which inhibits the



A shape analysis framework for neuromorphometry 305

activity of endogenous RhoA) also did not affect dendritic complexity in hippocampal neurons,
which may indicate that in these neurons RhoA is not activated under normal growth conditions.

Further investigations will be required to determine whether the effect of oligophrenin on
neuronal complexity is related to its presumed function as an inhibitor of RhoA. In addition,
complexity as measured here is a composite parameter describing neuronal morphology, which
may be affected differentially by alterations in different aspects of neuronal morphology.
Subsequent studies should validate how complexity relates to other measures of neuronal
morphology such as numbers of neurites, numbers of branches, and numbers of segments.

8.3. Growing axons

The geometrical characterization of the growth of axons provides an important starting point
for understanding this important and not yet well-known process. One of the most relevant
morphological measures to be considered in such analysis is the arc length defined between the
axon terminations and some reference point, usually the position where the axon emerges from
the soma. In addition, it is also important to quantify the velocity of the arc length evolution.
The spectral approach to differential geometry described in section 5 provides a natural and
accurate means for estimating automatically the arc length between two points a and b along a
parametric curve, which is done by using the first contour derivatives, as given in equation (6).

This methodology has been applied to movies of growing axons. Cerebral cortex neurons
from 18-day foetal rats were grown in a serum-free medium and recorded at 10 min intervals
with phase contrast optics at a resolution of 0.825 µm/per pixel. The recorded neuron used
here started with a single unbranched axon which grew out in a saltatory manner, typical for
developing neurons. At different time points the axon produced two side-branches, which
appeared to elongate in an alternating fashion. Often, when one branch was elongating,
the other stopped or slowed down. These observations suggested that elongation of different
branches along the same axon does not occur independently, and may be subject to competitive
mechanisms.

Figure 16 illustrates eight successive frames of the growing sequence. After extracting
the parametric representation of the contours, which has been done by applying a standard
contour-following algorithm [20], the respective first derivatives are obtained and substituted in
equation (4), yielding the arc length evolution shown in figure 16. The corresponding arc length
velocity, obtained by using standard finite-difference methodology, is shown in figure 18(a).
Each of the three branches in these two figures, labelled 1, 2, and 3, corresponds to the birth of
a new axon segment. Such a pair of graphs provides a clear and precise characterization of the
arc length evolution through time. For instance, it is clear from figure 17 that the axon segment
1 remained longer than 2 and 3. On the other hand, axon segment 3 overtook 2 at time 2500 min.
It is also evident that all segments experienced arc length retraction, identified by decreasing arc
length values in figure 17 and negative velocity values in figure 18(a). Particularly remarkable
is the high velocity increase (i.e. acceleration) exhibited by axon segment 3 starting from time
2100 min. It appears that in particular the acceleration parameter is an excellent indicator of the
antagonistic behaviour of the different branches (figure 18(b)), suggesting a strong correlation
in the outgrowth rate of different axon segments of the same neuron. Finally, figure 19 shows
the shape trajectory obtained by considering all three measures.

9. Concluding remarks

This article has reported an integrated and systematic approach to automated neuromorpho-
metry. Relying strongly on sound mathematical principles and effective computational
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Figure 16. Elongation of axonal branches during development of cerebral cortex neurons in tissue
culture. The different branches show alternating outgrowth.
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Figure 17. Arc length evolution of branches.

implementation, the proposed methodology provides a general and versatile set of concepts
and tools that can be used to address a large number of problems in neuromorphometry. Special
attention has been given to defining a proper formal characterization of several related issues,
which has been done by using the concepts of feature space, shape trajectories, and potential
spaces, as well as the respective statistical versions.



A shape analysis framework for neuromorphometry 307

0 500 1000 1500 2000 2500 3000
-5

0

5

10

15

20

Time (min)

V
el

oc
ity

 (
m µ

/m
in

)

1
2
3

(a)

0 500 1000 1500 2000 2500 3000
-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

Time (min)

A
cc

el
er

at
io

n 
( µ

m
/m

in
2 )

1
2
3

(b)

Figure 18. (a) Velocity and (b) acceleration of the axon segments.

Four families of neuromorphometric tools have been described, discussed, and illustrated
with respect to the analysis of shapes of cultured neurons and of the dynamics of neuronal
outgrowth:

(i) the multiscale skeletonization approach made it possible to obtain dendrogram
representations from cultured neurons in an automated way;

(ii) the multiscale fractal dimension approach made it possible to characterize the shape
complexity of different sets of cultured neurons;

(iii) we found a higher dispersion of complexity in the OPHN1 transfected neurons, and a
lower dispersion of complexity in the RhoGAP transfected neurons in comparison with
control transfected neurons; and

(iv) the spectral approach to differential geometry made it possible to determine arc lengths
along a parametric curve.

With this approach the time course of elongation and acceleration rates of outgrowing axons
could be quantified, clearly demonstrating strong correlations in the outgrowth rates of
individual segments.

The continuation of the present work should include specific problems in 3D and
dynamical shapes, as well as the use of artificial intelligence tools in order to obtain automated
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extraction of knowledge from neural data. By providing an accurate and objective quantitative
characterization of the neuronal geometry, such concepts and techniques provide a valuable
means for classification of nerve cells and systematic investigations about the relationship
between neuronal shape and function. The extension to 3D will be particularly useful as a
means of treating data obtained from 3D reconstructions, such as by using confocal microscopes
which, though in a relatively incipient stage of development, are currently undergoing major
advancements. Among the benefits to be expected from 3D extensions [70] we have the
possibility to characterize additional angles and curvatures, as well as a series of differential
measures, in such a way as to obtain a richer description and classification of the neural
structures.
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